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Further Studies on State Estimation of
Discrete-Time Nonlinear Circuits Based on a
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Abstract—This brief proposes further studies on fuzzy state
estimation of discrete-time nonlinear circuits. In order to give
a less conservative result over the most recent one, a new
switching-type multi-instant fuzzy observer is introduced and
thus different groups of gain matrices can be dispatched in the
light of the updated mode about the normalized fuzzy weight-
ing functions. For each possible mode, its corresponding gain
matrices are deduced by using a new time-varying balanced
matrix method. Compared with the existing time-invariant bal-
anced matrix method, much more freedom can be provided with
the aid of the powerful analysis tool of multi-instant homoge-
nous polynomials. As a result, the conservatism is reduced and
better performance of fuzzy state estimation is capable of being
obtained in this brief. Finally, two advantages of our proposed
results are validated via the benchmark example of this field.

Index Terms—State estimation, relaxed observer, nonlinear
circuits, Takagi-Sugeno model, balanced matrix.

I. INTRODUCTION

FUZZY systems are capable of coping with the problem
of nonlinear synthesis and a lot of important results have

been proposed for various nonlinear plants with unmeasurable
system states, e.g., [1]–[2] and so on. More recently, based on
the famous Takagi–Sugeno (T–S) fuzzy models [3], some dif-
ficult problems have been well solved by using model-based
techniques [4]. Nevertheless, it is relevant to point out that a
majority of T–S fuzzy-model-based methods are derived by
using the so-called common Lyapunov functions which often
cause too much conservatism [5]. To address this drawback,
many relaxed techniques have been successively developed
along the direction of making good use of the normalized
fuzzy weighting functions(NFWFs) [6]. Particularly prominent
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is the development of homogenous polynomially parameter-
dependent Lyapunov functions [7] so that less and less design-
ing criteria have been acquired in [8]–[9]. Especially, a kind
of time-invariant balanced matrix method has been proposed
in [9] where the real-time difference characteristics of different
NFWFs are compensated by using the switching-type scheme.
However, the inherent limitations of its time-invariant balanced
matrices produce additional conservatism, which should be
solved in the future.

In practice, the vast majority of circuits’ system states
aren’t directly available for technical or economic reasons [10].
Consequently, there exist strong practical needs for estimating
them with the help of measurable system outputs [11]–[12].
As far as the fuzzy state estimation of nonlinear circuits
is concerned, several results on fuzzy observers have been
reported in the literature [13]–[16] while the fuzzy approx-
imation characteristic is guaranteed in [17]. Yet, one of the
common shortcomings of the above results is that their design-
ing conditions are often with too much conservatism [18].
Early in the study, a kind of multi-instant fuzzy observer
was given in [19], where both current-time and past-time
NFWFs were considered by the so-called homogenous poly-
nomially parameter-dependent way. Further, the result of [19]
was relaxed by proposing a novel slack variables technique
in [20]. Nowadays, it seems that more relaxed results may
be achieved by using the switching-type scheme like [9]
but it should be noted that the inherent limitations of its
time-invariant balanced matrices should be removed as a
prerequisite.

This brief aims at giving one much relaxed fuzzy state esti-
mation of discrete-time nonlinear circuits than those existing
methods of [16], [19], [20]. To achieve it, a switching-type
multi-instant fuzzy observer will be introduced and thus differ-
ent groups of gain matrices can be dispatched in the light of the
updated mode about the NFWFs. For each possible mode, its
corresponding gain matrices are deduced by using a new time-
varying balanced matrix method. Compared with the existing
time-invariant balanced matrix method of [9], much more free-
dom can be provided with the aid of the powerful analysis
tool of multi-instant homogenous polynomials. As a result,
the conservatism will be reduced and better performance of
fuzzy state estimation will be capable of being obtained over
those existing methods of [16], [19], [20]. Finally, two main
advantages of our proposed results will be validated via the
benchmark example of this field.
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Fig. 1. The nonlinear tunnel diode circuit applied in [1].

TABLE I
THE NOMENCLATURE OF RELATED NOTATIONS

II. PROBLEM FORMULATIONS AND PRELIMINARIES

A. Problem Formulations

The following discrete-time T-S fuzzy model can be used
to express nonlinear tunnel diode circuits [20]:

{
x(t + 1) = ∑

1≤i≤r hi(ν(t))(Aix(t) + Biu(t))
y(t) = ∑

1≤i≤r hi(ν(t))Cix(t)
(1)

where x(t) ∈ R
nx is its system state vector to be estimated,

u(t) ∈ R
nu is its input vector, y(t) ∈ R

ny is its system
output vector which is available at each sampling instant.
hi(ν(t)) belongs to the i-th NFWF and one has hi(ν(t)) ≥ 0
and

∑
1≤i≤r hi(ν(t)) = 1. For simplicity, one writes hj(t) =

hj(ν(t)) and hj(t − 1) = hj(ν(t − 1)).
Remark 1: As displayed in Fig. 1, this tunnel diode circuit

applied in [1] can be characterized by CV̇C(t) = iL(t)− VC(t)
RL

−
VC(t)

RD
and 1

RD
= a1 +a2V2

D(t). Noting that VD(t) is measurable,
the nonlinear term of V2

D(t) is easily expressed by the above
T-S fuzzy model (1) by choosing ν(t) = VD(t). For details,
one can refer to [1].

B. Preliminaries

Related notations of homogeneous polynomials have been
reviewed in Table I, which are all the same as those in [20].

Further, all the individuals of q ∈ K(s3) with
s3 ∈ Z+ can be reordered to be q1, q2, . . . , qNum(s3) in
the descending order. Such as, if q ∈ K(2) and r = 3,
then one gets q1 = 200, q2 = 110, q3 = 101,
q4 = 020, q5 = 011, q6 = 002. And, the augmented matrix
including all the matrices Upq with p, q ∈ K(s3) is

defined as

[Upq]Num(s3)×Num(s3)

=
⎡
⎢⎣

Up1q1 · · · Up1qNum(s3)

...
. . .

...

UpNum(s3)q1 · · · UpNum(s3)qNum(s3)

⎤
⎥⎦.

III. MAIN RESULTS

In this brief, the switching-type multi-instant fuzzy
observer (2) is designed with j ∈ {1, . . . , r} as follows:

If hj(t) ≥ hl(t) with 1 ≤ l ≤ r, l �= j, then we give⎧⎪⎪⎨
⎪⎪⎩

x̂(t + 1) = Aν(t)x̂(t) + Bν(t)u(t) +
(

Qj
νs1 (t−1)νs2 (t)

)−1

× Lj
νs1 (t−1)νs2 (t)(y(t) − ŷ(t)),

ŷ(t) = Cν(t)x̂(t)

(2)

where s1, s2 ∈ Z+ are two adjustable degrees. And, we have

Lνs1 (t−1)νs2 (t) =
∑

(
k′∈K(s1)

k∈K(s2) )

{h(t − 1)k′
h(t)kLj

k′k}, (3)

Qνs1 (t−1)νs2 (t) =
∑

(
k′∈K(s1)

k∈K(s2) )

{h(t − 1)k′
h(t)kQj

k′k}, (4)

where Lj
k′k ∈ R

nx×ny , Qj
k′k ∈ R

nx×nx belong to gain matrices
to be ascertained in Theorem 1 of the brief.

By setting ν(−1) = ν(0), the overall estimated error system
is written as:

e(t + 1) =
(

Aν(t) −
(

Qj
νs1 (t−1)νs2 (t)

)−1
Lj

νs1 (t−1)νs2 (t)

)
e(t), (5)

Remark 2: In the recent result of [20], there was only a pair
of fixed gain matrices without considering any information
of the updated NFWFs. As a result, its fixed gain matrices
must suit for all the different cases of the updated NFWFs
and thus this restriction may lead to relatively conserva-
tive results. Compared with [20], much more gain matrices
are introduced in our switching type multi-instant fuzzy
observer (2) in light of the actual state of the updated
NFWFs. For each mode j, a pair of proprietary gain matri-
ces (Lj

k′k, Qj
k′k) can be designed for the case of hj(t) ≥ hl(t)

with 1 ≤ l ≤ r, l �= j. Therefore, it does provide an impor-
tant benefit of obtaining much less conservative results in
this study and thus we propose the following result for solv-
ing all the observer gain matrices by means of linear matrix
inequalities (LMIs).

Theorem 1: The overall estimated error system of (5) can
be called to be globally asymptotically stable, if there exist
gain matrices Lj

k′k ∈ R
nx×ny and Qj

k′k ∈ R
nx×nx with k′ ∈

K(s1), k ∈ K(s2), j ∈ {1, . . . , r}; symmetric matrices Pk ∈
R

nx×nx with k ∈ K(s2); matrices Upq ∈ R
2nx×2nx with Upq =

(Uqp)
T and [Upq]Num(s3)×Num(s3) < 0 for all p, q ∈ K(s3);

negative definite matrices Xjl
w ∈ R

2nx×2nx with w ∈ K(s4 −
1), j, l ∈ {1, . . . , r}, l �= j, satisfying that the following LMIs
of (6) can be guaranteed:

∑
(

p,q∈K(s3)

k′′≥p+q )

{
s5!

π(k′′′)
(s4 − 2s3)!

π(k′′ − p − q)
Upq

}
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+
∑

k′′≥χj

⎧⎨
⎩

s5!

π(k′′′)
(s4 − 1)!

π(k′′ − χj)

⎛
⎝ ∑

1≤l≤r,l �=j

Xjl
k′′−χj

⎞
⎠

⎫⎬
⎭

−
∑

(
1≤l≤r,l �=j

k′′≥χl
)

{
s5!

π(k′′′)
(s4 − 1)!

π(k′′ − χl)
Xjl

k′′−χl

}

+
[

�11
k′′′k′′ ∗

�21
k′′′k′′ �22

k′′′k′′

]
> 0,

∀ k′′′ ∈ K(s5), k′′ ∈ K(s4); (6)

where s4 = max{1 + s2, 2s3}, s5 = max{s1, s3},

�11
k′′′k′′ =

∑
k∈K(s2),k′′′≥k

{
(s5 − s2)!

π(k′′′ − k)

s4!

π(k′′)
Pk

}
, (7)

�21
k′′′k′′ =

∑
(

k′∈K(s1),l∈{1,...,r},
k∈K(s2),k′′≥k+χl,k

′′′≥k′)

{
(s5 − s1)!

π(k′′′ − k′)

× (s4 − s2 − 1)!

π(k′′ − k − χl)
(Qk′kAl − Lk′kCl)

}
, (8)

�22
k′′′k′′ =

∑
(

k′∈K(s1),k′′′≥k′
k∈K(s2),k′′≥k )

{
(s5 − s1)!

π(k′′′ − k′)

× (s4 − s2)!

π(k′′ − k)

(
Qk′k + QT

k′k
)}

+
∑

k∈K(s2),k′′≥k

{
s5!

π(k′′′)
(s4 − s2)!

π(k′′ − k)
Pk

}
. (9)

Proof: Firstly, one can select the following Lyapunov
function in this brief:

V(e(t), ν(t − 1)) = eT(t)
(

Pνs2 (t−1)

)
e(t), (10)

where Pνs2 (t−1) = ∑
k∈K(s2)

h(t − 1)kPk.
Hence, its one-step-forward difference �V(e(t), ν(t −1)) is

written as:

�V(e(t), ν(t − 1)) = eT(t)
(
ϒT

(
Pνs2 (t)

)
ϒ

)
e(t)

− eT(t)
(

Pνs2 (t−1)

)
e(t) (11)

where Pνs2 (t) = ∑
k∈K(s2)

{h(t)kPk}, and

ϒ =
(

Aν(t) −
(

Qj
νs1 (t−1)νs2 (t)

)−1
Lj

νs1 (t−1)νs2 (t)Cν(t)

)
.

Therefore, the overall estimated error system of (5) is
globally asymptotically stable when one gets:

ϒT
(

Pνs2 (t)

)
ϒ − Pνs2 (t−1) < 0. (12)

At the same time, (12) is equivalent to the inequality of (13)
by using the well-known matrix arguments:[

Pνs2 (t−1) ∗
�21 �22

]
> 0, (13)

where �21 = Qj
νs1 (t−1)νs2 (t)Aν(t) − Lj

νs1 (t−1)νs2 (t)Cν(t), �22 =
Qj

νs1 (t−1)νs2 (t) + (Qj
νs1 (t−1)νs2 (t))

T − Pνs2 (t).

On the other hand, if all the LMIs of (6) can be guaranteed,
one has

∑
(

k′′∈K(s4)

k′′′∈K(s5)
)

h(t − 1)k′′′
h(t)k′′

Left(6)

=
[

Pνs2 (t−1) ∗
�21 �22

]
+

∑
p,q∈K(s3)

h(t)(p+q)Upq

+
∑

1≤l≤r,l �=j

⎧⎨
⎩

(
hj(t) − hl(t)

) ∑
w∈K(s4−1)

h(t)wXjl
w

⎫⎬
⎭ > 0, (14)

where we have �k′′′k′′ =
[

�11
k′′′k′′ ∗

�21
k′′′k′′ �22

k′′′k′′

]
, and[

Pνs2 (t−1) ∗
�21 �22

]
= ∑

(
k′′∈K(s4)

k′′′∈K(s5)
)

h(t − 1)k′′′
h(t)k′′

�k′′′k′′ ,
∑

p,q∈K(s3)
h(t)(p+q)Upq = ∑

(
k′′∈K(s4)

k′′′∈K(s5)
)

h(t − 1)k′′′
h(t)k′′

	k′′′k′′ ,

	k′′′k′′ = ∑
(

p,q∈K(s3)

k′′≥p+q )
{ s5!
π(k′′′)

(s4−2s3)!
π(k′′−p−q)

Upq}.
More importantly, recalling two prerequisites of

[Upq]Num(s3)×Num(s3) < 0 and Xjl
w < 0 given in this the-

orem, it should be pointed out that two key inequalities are
always satisfied in this brief:

∑
p,q∈K(s3)

h(t)(p+q)Upq = ξT[Upq
]

Num(s3)×Num(s3)
ξ

< 0, (15)(
hj(t) − hl(t)

) ∑
w∈K(s4−1)

h(t)wXjl
w ≤ 0, (16)

where one has I ∈ R
2nx×2nx and ξ =

⎛
⎜⎜⎝

h(t)p1
I

...

h(t)pNum(s3)
I

⎞
⎟⎟⎠.

Based on (14)–(16), it is evident that (13) is guaranteed
by the LMI-based conditions of (6). In other words, the
overall estimated error system of (5) can be called to be glob-
ally asymptotically stable when all the LMIs of (6) hold in
true.

Remark 3: It should be emphasized that the above three
inequalities (14)–(16) play an important role in redeploying
the positive and negative constraints among different tuples
of k′′ and k′′′. As a positive result, some of the possible
�k′′′k′′ for k′′′ ∈ K(s5), k′′ ∈ K(s4) are capable of being
relaxed to not be positive definite, and thus considerable free-
dom is introduced for reducing much conservatism of existing
results [16], [19], [20]. Moreover, our proposed balanced
matrices

∑
p,q∈K(s3)

h(t)(p+q)Upq and
∑

w∈K(s4−1) h(t)wXjl
w are

both time-varying. Compared with the well-known time-
invariant balanced matrix method reported in [9], much more
freedom can also be further provided with the aid of the pow-
erful analysis tool of multi-instant homogenous polynomials
via (14)–(16).
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TABLE II
MAXIMAL FEASIBLE INTERVALS OF δ FOR FOUR METHODS

OF [16], [19], [20] AND THE BRIEF

IV. SIMULATION COMPARISONS

Example: The benchmark example for (1) is considered with
the same system parameters as the recent literature [20]:

A1 =
[

2.5 1.0
0.5 2.0

]
, A2 =

[
0.5 0
2.5 �

]
,

C1 = [
δ 1.0

]
, C2 = [

1.0 1.0
]
.

It is noticed that � for A2 and δ for C1 belong to variables
to be determined via various methods. Specifically, while one
lets � ∈ {1.0, 1.25, 1.50, 1.75}, the maximal feasible interval
of δ for each different � can be tested by solving the LMI-
based conditions of (6) iteratively. Since the method of [20]
is capable of giving larger maximal feasible intervals of δ

than those previous methods of [16] and [19], it only needs to
compare the improved rate between the method of the brief
and the method of [20] with the same adjustable degrees
of (s1, s2, s3), respectively. Without losing generality, if we
choose (s1 = 1, s2 = 2, s3 = 2) which are the same as those
selected in [20], then the obtained maximal feasible intervals
of δ for all the methods of [16], [19], [20] and the brief have
been listed in Table II. As far as the conservatism is concerned
in Table II, the result of the brief is better than all the existing
results of [16], [19], [20] for each fixed �. That is to say, both
the switching-type multi-instant fuzzy observer (2) and the
usage of time-varying balanced matrix

∑
w∈K(s4−1) h(t)wXjl

w

are instrumental in reducing the conservatism over the most
recent method of [20].

As found from Table II, (� = 1.75, δ = 80) is out of three
maximal feasible intervals of δ for existing methods of [16],
[19], [20] but is within the one for Theorem 1 of the brief.
Next, based on the LMIs of (6) with s1 = 1, s2 = 2, s3 =
2, two groups of gain matrices for the switching-type multi-
instant fuzzy observer (2) are obtained. For saving space, we
only provide Lj

k′k for j = 1, k′ ∈ {10, 01} and k ∈ {20, 11, 02}:

Qj
1020 = 10−3 ×

[
0.9342 −0.4457

−0.3491 0.1945

]
,

Qj
1011 =

[
0.0017 −0.0005

−0.0004 0.0001

]
,

Qj
1002 =

[
0.0011 −0.0001

−0.0001 0.0000

]
,

Qj
0120 = 10−3 ×

[
0.7290 −0.3420

−0.2755 0.1412

]
,

Qj
0111 =

[
0.0017 −0.0006

−0.0004 0.0001

]
,

Fig. 2. Two responses of e1(t) and e2(t).

Qj
0102 =

[
0.0011 −0.0000

−0.0001 0.0000

]
.

Then, we can select x(0) = (0.6, − 1.0)T and x̂(0) =
(−0.6, − 5.0)T , and two responses of e1(t) and e2(t) quickly
converge to the zero equilibrium point by the aid of the
switching-type multi-instant fuzzy observer (2), see Fig. 2 for
details.

Next, it has been reported in [20] that another parameter
configuration of (� = 2, δ = 38) is within the maximal feasi-
ble interval of δ for [19] and [20] but is out of the maximal
feasible interval of δ for [16]. So, the latter three methods
([19], [20], and Theorem 1 of the brief, respectively) are avail-
able for (� = 2, δ = 38). For this case, the performance levels
of fuzzy state estimation should be compared with each other
for [19], [20], and Theorem 1 of the brief. Based on the LMIs
of (6) with s1 = 1, s2 = 2, s3 = 2, two groups of gain matri-
ces for the switching-type multi-instant fuzzy observer (2) are
obtained. For saving space, we only provide Qj

k′k for j = 1,
k′ ∈ {10, 01} and k ∈ {20, 11, 02}:

Qj
1020 =

[
6.6108 −3.0495

−2.1690 1.2306

]
,

Qj
1011 =

[
10.1063 −2.4994
−2.4573 1.0580

]
,

Qj
1002 =

[
8.0056 −0.3147

−1.7480 0.2046

]
,

Qj
0120 =

[
5.9566 −2.7885

−2.0201 1.1117

]
,

Qj
0111 =

[
10.3036 −2.7414
−2.5579 0.9999

]
,

Qj
0102 =

[
7.9349 −0.2780

−1.8551 0.1511

]
.

Finally, we can select the same initial conditions as above,
and thus three kinds of different methods (i.e., [19], [20] and
Theorem 1 of the brief) are employed to accomplish the same
task of fuzzy state estimation in order to facilitate comparison.
Indeed, the indicator of estimation accuracy can be measured
by J(t) = ∑t

l=1 eT(l)e(l). Here, the comparisons of different
J(t) for [19], [20] and the brief have been provided in Fig. 3.
There are two advantages obtained in the brief by observ-
ing Fig. 3: 1) J(t) for the brief is the smallest one and this
means that a better estimation accuracy has been acquired in
the brief; 2) The curve of J(t) for the brief rapidly approaches
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Fig. 3. The comparisons of different J(t) for [19], [20] and the brief.

its peak and this means that the method of the brief has a
faster response than the other two methods of [19] and [20].

V. CONCLUSION

This brief has proposed relaxed fuzzy state estimation of
discrete-time nonlinear circuits. For proposing better results
over the most recent one of [20], a switching-type multi-instant
fuzzy observer has been introduced and thus different groups
of gain matrices can be dispatched in light of the updated mode
about the NFWFs. For each possible mode, its corresponding
gain matrices have been deduced by using our time-varying
balanced matrix method. Compared with the existing time-
invariant balanced matrix method, much more freedom can be
provided with the aid of the powerful analysis tool of multi-
instant homogenous polynomials. As a result, the conservatism
has been reduced and better performance of fuzzy state esti-
mation has been obtained in this brief. Finally, two advantages
of our proposed results have been validated via the benchmark
example of this field. In our future research, how to develop
much better/robust state estimations of discrete-time nonlinear
circuits subject to malicious attacks (i.e., the system output
y(t) may be occasionally tampered or even discarded during
the sampling interval) will be another interesting topic to be
investigated.
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